PAS4.2 Stage 4 Patterns & Algebra Part A Activity 2 - 2

Going up

Remy likes to train at the football stadium.
She builds stamina by running up and down
the stairs. To record her exercise, she
needs to know how many stairs she has
climbed.

On the way up, Remy strides 3 stairs at a
time. So with every stride, she adds 3 to the
number of stairs she has climbed.

Remy starts at the bottom of the stairs. We will call this stair number 0.
After her 1% stride, Remy has climbed 3 stairs. She is on stair number 3.
After her 2" stride, Remy has climbed 3 more stairs so she is on stair
number

Remy’s counting is shown on the number line below.
Each arrow represents one stride.

On the number line, show 10 strides.

+3 +3
Yo \VaR

0 3

Stair number that she is on after the 10™ stride =

The same information can be put in a table. Complete the table below.

Number | o 1 9 | 5 3| 45| 6| 7|8 9|10
of strides

Stair 0 3 6

number

If Remy has already counted to stair number 84, how many stairs will
she have climbed after her next stride?

What is the rule for finding the number of stairs she will have taken after
her next stride, when she knows the number of stairs she has already
taken?
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PAS4.2 Stage 4 Patterns & Algebra Part A Activity 2 - 2

Remy finds it easier to count the number of strides she has taken than to
count by threes, so she decides to use a different method of calculation.

Remy climbs 3 stairs for every stride.

After 1 stride, she has climbed 1 lot of 3 stairs.

After 2 strides, she has climbed 2 lots of 3 stairs.
After 10 strides, she has climbed lots of 3 stairs.

After 65 strides, she had climbed lots of 3 stairs.

After 65 strides, explain how Remy could calculate the number of stairs
she had climbed.

After n strides (where n stands for any number), explain how Remy
could calculate the number of stairs she has climbed.
(Hint: Just write n where you would have written “the number of strides”.)

65 x 3 is a numerical expression. A numerical expression has one or
more numbers and operations. In this example, the operation is

n x 3 is an algebraic expression. It is called an algebraic expression
because it is an expression that includes an algebraic symbol.

An algebraic symbol is a letter that is used to stand for any humber.
In this example, the algebraic symbol is

65 X 3 has the same value as 3 x 65.

Note: When writing an algebraic expression using multiplication:
numbers are always written before letters
a multiplication sign between letters or between letters and
numbers is usually omitted.
For example, 2 x x is usually written as 2x.

Write your algebraic expression for the number of stairs climbed (where
n is the number of strides taken) in this form.

Algebraic symbols are sometimes called pronumerals . “Numeral”
means “number” and “pro” means “in place of’, so a pronumeral means
“in place of a number”. However, the word “pronumeral” can be
confusing because algebraic symbols are used to mean not just one
number, but any number.
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Patterns in linear relationships

All the algebraic expressions you have found in this chapter describe
linear sequences. This is because a person moving the same number of
stairs with each stride will land on a sequence of stair numbers that are
equally spaced. An expression that describes a linear sequence is called
a linear relationship

If the variable (n) stands for the number of strides, there is a different
algebraic expression for each person depending on:

how many stairs they climb with each stride and

where they start.

Summarise your answers from previous activities using the table below.

Person _Stairs move_d S_tarting Algebra_lic
with each stride | Stair number | expression
Activity 2 - 2 | Remy | 3 stairs up 0 3n
Activity 2 - 3 | Remy | 3 stairs down 197
Activity 2 - 4 | Remy | 1 stair up 5
Gina 1 stair up 0
Remy | 2 stairs up 4
Gina 2 stairs up 0
Activity 2 -5 | Remy | 3 stairs up 0 3n
Gina 2 stairs up 50
Activity 2 - 6 | Remy | 3 stairs up 0 3n
Victor | 3 stairs up -14

In each of these algebraic expressions, there is one variable (n).
The number that multiplies the variable is called its coefficient .

If a person moves up 3 stairs at a time, what is n multiplied by?
If a person moves up 2 stairs at a time, what is n multiplied by?
If a person moves up 1 stair at a time, what is n multiplied by?
If a person moves down 3 stairs at a time, what is n multiplied by?
Explain this pattern.
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The expression for a linear relationship contains two terms :
(1) the variable multiplied by its coefficient, and
(2) a number added on.

The value of the first term depends on the value of n.
The value of the second term does not change.
The number added on is therefore called a constant term .

Look at the algebraic expressions in your table on the previous page.

If a person starts on stair number 5, what is the constant term?___
If a person starts on stair number 50, what is the constant term?____
If a person starts on stair number 197, what is the constant term?

What is the value of the constant term if a person starts at the bottom of
the stairs of the stadium (which is on top of the change rooms)?

If the constant term is a negative number, where does the person start?

For each of the following people, write an algebraic expression to
describe the step number they will be on after they have made n strides,

Person 1 Starts on step 8. Moves 3 steps up with every stride.
Algebraic expression:

Person 2 Starts on step 192. Moves 2 steps down with every stride.
Algebraic expression:

Person 3 Starts on step 58. Moves 3 steps down with every stride.
Algebraic expression:

Person 4 Starts on step -14. Moves 4 steps up with every stride.
Algebraic expression:

Calculate which step each person will be on after making 20 strides.
Person 1:

Person 2:

Person 3:

S e o] I
Is 4x20-14 thesameas -14+4x20?

Is 4n -14 thesameas -14+4n?

Why or why not?
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Functions

In Chapter 2 you found algebraic expressions that related
position number (n) within a linear sequence to
the value of the term in that position.

n was a called a variable because any position number could be chosen.

In the game of “Guess my rule” (Activity 2 - 9) the values chosen for n

were called input numbers.
Each input number, when substituted into the algebraic expression, gave

an output number.

An algebraic expression is like a machine that always does the same
thing to an input number to produce an output number.

(a value o)

EXPRESSION
3[n| +5

Look at the expression written in the machine drawn above.
If the value of n was 1, the output value would be 3 x 1 + 5 which is 8.

Complete the tables of input numbers and output numbers for the
following expressions.

1) 3n+5
lhput | 1 | 2 | 3 4 |5 |6 |7 8] 910
Output 8

2) -2n+1
lhput | 1 | 2 | 3 4 |5 |6 |7 ]8]| 910
Output
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PAS4.2 Stage 4 Patterns & Algebra Part A Activity 3- 1

-2n + 1 is an expression .
It describes a sequence of numbers where n is the position of a number
in the sequence.

-2n+ 1 =y is a function .

It is an equation that relates the value of an input number (ie. a value of
n) to a particular output number (ie. a value of y).

y=-2n+1 or y=1-2n isthe same function written in a different way.

Because the input number varies (ie. changes), the output number also
varies. Therefore, both n and y are called variables .

What is the coefficient of n in the functiony =1 - 2n?
What is the constant term in the functiony =1 - 2n?

In Chapter 2 you found expressions to describe the stair number that a
person would be on after taking a number of strides.
These expressions could also be written as functions where

the input is the number of strides taken and

the output is the resulting stair number.

For Remi: R=197-3n ForGina:G=2n+50 For Victor: V=3n-14

where nis the number of strides taken
R is the resulting number of stairs moved down by Remy
G is the resulting number of stairs moved up by Gina and
V is the resulting number of stairs moved up by Victor.

The function R =197 - 3n means:
“the stair number that Remy will be on is 197 minus 3 times the
number of strides she has taken. ”

The function G = 2n + 50 means:

From looking at the functions for R, G and V, how could you tell:
1) which stair number the person is on before they take their first stride?
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Cups and counters

A “cups and counters model” is sometimes used to show what is meant
by a variable in a linear expression.

Counters are small objects (eg. marbles) that

000000 can be counted.

Cups are containers with a number of counters
in them. All the cups must contain the same

\ /\ / number of counters, but that number could be
any number.

Using a cups and counters model, the expression 3n + 5 is written as:

This is 3 groups of n
00000 counters plus 5 more
Draw one counter in each of the 3 cups above.

Now, how many counters are there altogether (including the 5 you can
already see)?

Draw another counter in each of the 3 cups.
There are now 2 counters in each cup.
How many counters are there altogether?

Write your answers to the questions above into the first two columns of
the table below. Complete the table by continuing to add a counter to
each cup (ie. to draw them in the cups) then adding up all the counters.

Input: the number of
counters in each cup
Output: the number of
counters altogether

1 2 3 4 5

In a cups and counters model, counters should not really be seen in the
cups because a cup is used to represent any number (ie. a variable).

If T stands for the number of counters altogether, T=3n+5

In a cups and counters model,
- the coefficient of n is the number of

- the constant term is the number of e,
Draw a cups and counters
model for the expression

2n+ 3
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In or out?

In this game, you and your partner each draw a rectangle on a number
plane. Your aim is to find the coordinates of the vertices (ie. corners) of
your partner’s rectangle. The winner is the first person to get the correct
answer.

On the last page of this activity (headed “My rectangles”) use a pencil to
draw a rectangle on the top number plane (GAME 1).
Each vertex of your rectangle must be:
in a different quadrant (not on the axes)
one of the marked grid points.
Do not let your partner see your rectangle.

On the page headed “Guessing my partner’'s rectangles”, use the top
number plane (GAME 1) to find the vertices of your partner’s rectangle.

Decide who will be Person 1 and who will be Person 2.

1. Person 1 chooses any point on the number plane, writes the
coordinates in their table (on the next page) and asks Person 2 if it is
inside or outside their rectangle.
If the point is inside or on the boundary line, Person 2 answers “in”.
- If the point is outside Person 2’'s rectangle, Person 2 answers “out”.

2. Person 1 plots the point on their number plane (opposite their table):
- if the point is “in” they draw a small circle around the point
- if the point is “out” they draw a cross at the point.

Now it is Person 2's turn to write and ask Person 1 about any point on
the number plane. Person 1 answers “in” or “out”.
Person 2 then plots the point with a circle or a cross.

Keep taking turns until one person thinks they know the coordinates of
the vertices of the other person’s rectangle.

Instead of their next turn, that person then lists the coordinates of all 4
vertices in the last column of their table and claims a win.

The other person then checks the claim and checks all the points listed.
- If one or more vertices are incorrect, play continues with the person
who found the error(s) then getting a double turn.
- If all 4 vertices are correct, the person who made the claim wins.
Play continues until both people have made a correct claim.

Beware: It is easy to mix up the x- and y-coordinates. Think about a way
to help you remember to move right/left from the origin before up/down.
eg. “crawl before you stand”.
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PAS4.5 Stage 4 Patterns & Algebra Part A Activity 4 - 4

GAME 1

Points | chose Vertices | guessed

Person who checked these points and vertices:

With your partner or as a class, discuss the strategies you used.
List some strategies below.

Play GAME 2 and see if you use fewer guesses than you did in GAME 1.

GAME 2

Points | chose Vertices | guessed

Person who checked these points and vertices:
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Guessing my partner’s rectangles

GAME 1

GAME 2
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My rectangles

GAME 1

GAME 2

=> X
5
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Mixed operations

Heather did not have her mobile phone with
her to make an urgent phone call.

She borrowed her son Ken’s mobile phone
and promised to pay him back right away for
the cost of the call. To do this, she needed to
know how long her call was.

Heather didn’t know exactly how long she talked on the mobile phone,
so she calls this time m minutes.

The mobile phone company charges calls at the rate of 35c per minute.
Write an expression for the cost (in cents) of talking for m minutes.
This is called the variable cost of the phone call.

Expression:

The mobile phone company charges an additional 28c connection fee.
This is called the fixed cost of the phone call.
Write an expression for the total cost of talking for m minutes.

Expression:

How many terms are in your expression?

Ken timed Heather’'s call. He says that she talked for nearly 9 minutes.
Calculate how much Heather paid Ken.

When Ken gets his phone bill, he finds that Heather’s call cost $3.08 (ie.
308 cents). Write this as an algebraic statement.

Without using trial and error or graphing, explain how you could find out
the value of min your algebraic statement.

For how many minutes did Heather really talk?

How could you check that your answer is correct?
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What was my number?
Resources required:
access to paper and a calculator.

You need a partner for this game.
The aim is to find out a number when you are told how the expression
has been built up and the value of the output variable.

1. Person 1 thinks of a number (the input value) and then carries out 3
operations on it.
These operations must be written down on paper where they cannot
be seen by Person 2.

2. Person 1 tells Person 2:
what the 3 operations were (in order) and
what the final answer is (ie. the value of the output variable).

3. Person 2 writes this information into a box-and-arrow diagram as
shown in the example below.
There are empty box-and-arrow diagrams on the next page.
Start by writing a symbol for a variable (eg. x) at the bottom of the
diagram.

= 48

o1
Information from Person 1.:
1. Add 3 to the number.
2. Divide the answer by 2. - 21 1
3. Subtract 5 from the answer.
The final answer is 48. =

+3] |

X =

4. Person 2 works backwards to find out Person 1's number.

5. If Person 2's answer is the number Person 1 thought of, Person 2
scores 1 point and Person 1 scores no points.
If Person 2's answer is not the number Person 1 thought of, check
each others’ calculations. The person who is correct scores the point.

Repeat the game with Person 1 and Person 2 changing places.
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When you get good at this game, instead of filling in the information from
Person 1 on the arrows:
Build-up Person 1's information into one statement and write it in
the top two boxes of the diagram.
Work down, undoing the statement until you have found the value
of x.

When you get really good at this game, you will not need to write down
each operation as you do it.
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Making it easier

Using your fingers

Seven year-old Flynn uses his fingers
to add numbers together.

To make the calculation 8 + 5,
he starts with 8 then he counts on
until he has 5 fingers stretched out.

9 10
The next calculation Flynn needs to make is 8 + 17.
He starts with 8 and then tries to count on using his fingers.

How could Flynn make this calculation on his fingers easier?

You know that when any two numbers are added, you can commute
them (ie. reverse the order in which they are added) without changing
the answer.

This generalisation can be writtenas: atb=b+a

Using your head

Flynn's father, Errol, is an accountant.

When he was at school, he learned
how to add up long columns of
numbers in his head.

Add up the numbers on the right, starting at the top.
Answer:

Errol was told that he must always check his calculations
by adding the numbers in two directions.

Add up the same numbers, starting from the bottom.
Answer:

A UOIOOOOGINONRUIOOONWRAO O

Did you get the same answer both ways?

Write a generalisation using algebra, to show the principle he was using:
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Bicycle equipment

When Frank was riding his new bicycle, it
got a puncture in the back wheel.

He wheeled his bike to a bicycle shop.

To mend it, he needed to buy:
a set of tyre levers (to remove the tube)
a tyre patch kit (to mend the tube)
a bicycle pump (to inflate the tube).

At the bicycle shop, Frank made a mental calculation so he would know
whether he had enough cash with him to pay for the items he wanted.

The price of each item is shown below. ‘\3\
\

\\'\
i: ' i
=N
S L
\

S/ :{q.
/'0 A set of tyre levers: $6.75

L 4

A tyre patch kit: $10.95
A bicycle pump: $40.25

Frank had no calculator with him, so he made the sum easier. He
noticed an association between the cost of the tyre levers and the cost of
the pump: that the cents for these two items added to a dollar.

Therefore Frank first added the cost of the tyre levers and the pump. He
then added the cost of the tyre patch Kkit.

Use brackets in the expression below to show the calculation that Frank
made first.
$10.95 + $6.75 + $40.25

The shop keeper added the least expensive two items first.
Use brackets in the expression below to show the calculation that the
shop keeper made.

$10.95 + $6.75 + $40.25

Does the way in which you associate (ie. bring together) the numbers
affect an addition?

If you disassociate terms in an addition (ie. remove the brackets) does
the answer remain the same?

These generalisations can be written as:
(@a+tb)+c=a+(b+c)=a+b+c
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Adding like terms

Tipsy the clown wants to calculate the weight of the crockery he is able
to balance on his nose while balancing a ball on one foot.

The weight of each plate (in grams) is a.
The weight of each saucer (in grams) is b.
The weight of each teacup (in grams) is c.

Tipsy begins with two plates. The weight so far is a + a.
This is 2 lots of a, so a+ a= 2a.

Two saucers are added. b+b=___ The weight now is: 2a+
Two teacups are added. The weight now is: 2a+ o
Three more plates are added. The weight now is: 2a+ o, o,

Keep adding terms to your expression as each group of plates, cups or
saucers was added, until you get to an expression for the final weight.
Final weight =

A plate weighs 300 g, Substitute these weights into your
A saucer weighs 100 g expression to find the final weight of the
A teacup weighs 150 g. crockery that Tipsy is able to balance.

Final weight =
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The next time Tipsy does his act, he puts all the plates on first.
Draw these in the picture below. The first plate has already been drawn.

Then Tipsy puts on all the saucers.
Draw these on top of the plates.

Then he puts on all the cups.
Draw these on top of the saucers.

Write an algebraic expression (with 3 terms) for the final weight of the
crockery.
Final weight =

Tipsy is using the same plates as before.

Substitute the same weights for plates, saucers and teacups into your
expression.
Final weight =

Why do both algebraic expressions for the final weight of the crockery
give the same answer?

Which calculation for final weight was easier to make: the first calculation
(on the previous page) or the second calculation?
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Subtracting an addition

For her birthday, Maddison received a total of $185 from friends and
relatives. She used the money to buy a skateboard for $99.

Then Maddison noticed a great soccer ball for sale for $35, so she
bought that too.

A skateboard: $99
A soccer ball: $35

Maddison mentally calculated how much birthday money she had left to
spend.

Amount left = $185 - $99 - $35

Would it make any difference to the amount she had left if she had
bought the soccer ball first?

Would it make her calculation easier to subtract the value of the soccer
ball first?

Later Maddison bought some griptape for her skateboard. This cost $10.
Extend the calculation to find the amount she now has left.

Maddison could also calculate the amount she had left to spend by
finding out what she had spent altogether, then subtracting this amount
from the initial amount.

Amount left = Initial amount - Amount spent

Write a calculation for the total amount that Maddison spent.
Amount spent =

Now write a calculation for the total amount that Maddison had left.
Amount left = - (
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Fractions from division

A fraction has a numerator (the value above the fraction bar) and a
denominator (the value below the fraction bar).

If the value of the numerator is greater than the value of the
denominator, the fraction is called an improper fraction

For example, % Is an improper fraction because 4 is greater than 3.

On Anzac day, the canteen sells Anzac biscuits.
For the price to be fair, all the biscuits are made the same size.

Write down what each child will get if the following divisions are made.
Give your answers as a fraction of an Anzac biscuit.
Your fraction may be an improper fraction.

la) 2 biscuits are shared equally between 3 friends.
Each person gets of a biscuit.

1b) 3 biscuits are shared equally between 2 friends.
Each person gets of a biscuit.

2a) 4 biscuits are shared equally between 3 friends.
Each person gets_____of a biscuit.

2b) 3 biscuits are shared equally between 4 friends.
Each person gets____of a biscuit.

Notice that the result of a division is always a fraction where:
the numerator is what you divided and
the denominator is what you divided by.

For example, in the first question above: 2 + 3 =

This can be written as a generalisation:
= &
a+b= b
So you can always replace a division by a fraction or a fraction by a
division.
Look at your answers to parts a) and b) of each question above.

Is a+ bthe same as b+ a? Is % the same as b ?

.............. a

wIN

3 biscuits are to be shared but there is only 1 friend.
Each person (in this case, the only person) gets
This can be written as a generalisation:

P -
avl—l—a
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Dividing by a multiplication
Resources required:
a calculator.

The Food and Agriculture
Organization of the United Nations
estimates that 11 million children
die each year from malnutrition and
preventable diseases.

Write the calculation you would make to find the number of minutes in a
year (assuming the year is not a leap year).

Number of minutes in a year = 60 X

The number of children who die in one minute
= number who die in one year + number of minutes in one year

=11000000 + (60 X )
= (Give your answer to the nearest whole number.)

The calculation above could be done in another way:
11 000 000 children die in one year

=11000000+ | children die in one day
=11000000~+ - children die in one hour
=11 000 000 + + + children die in one minute

Algebra can be used to generalise the two different methods:

(b o= 2 1 prcegde 8yt 1
aT( XCX )— 1X (b x ¢ X d) a-p=-Cc+-dad= 1XbXC

1
X 4
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Dividing by a division
Resources required:
a calculator.

Jacques and Pascal hired a
campervan so they could see the
Australian outback.

To get to Broken Hill, they turned
left onto the Barrier highway.

At this intersection, Jacques complained
that if they didn’t speed up they wouldn’t
get to Broken Hill for the night.

While Pascal took photographs, Jacques
looked at the odometer and the map:

They had travelled 146 km in 2 hours.
They had 584 km to go.

Jacques then calculated how long it would take them to get to Broken
Hill if they continued at the speed they had been going so far.

Jacques’ method

Jacques said “First I'll work out the speed at which we’ve been going.
Then I'll use this speed and the distance we still have to travel to find out
the time it will take us.” Write down Jacques’ calculations.

Speed up till now = Distance + Time
= + km per hour

Distance to go + Speed up till now

Time to get to Broken Hill =
= + + ) hours

Pascal’'s method

Pascal said he had an easier method. He said “146 km took us 2 hours.
I'll find out how many lots of 146 km we have to go, then multiply by 2 to
get the number of hours that will take.” Write down Pascal’s calculations.

Time to get to Broken Hill = + X hours

Did they both get the same answer?
Write this as a generalisation:
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A common algebraic factor

A school wanted to raise funds for CanTeen (an
organisation that helps young people with cancer).
They placed money cans at the school canteen for
students to put their change into.

Students put 5 cent, 10 cent and 20 cent pieces
through the slot in the money can.

By the end of the term they had collected 9 cans full of coins.
To find out how much they raised, they were going to cut open the cans
and add up the value of all the coins.

Kyron (the class genius) suggested an easier way of doing it::
“The weight and volume is the same if you have one 20 cent coin or
two 10 cent coins or 4 five cent coins. A dollar’s worth of these coins
always weighs 56.5 g, so all we have to do is weigh the coins.”

A can full of coins weighed 1470 g. An empty can weighed 60 g.
There were two methods of calculating the total weight of the coins.

Method 1
Write how you would calculate the weight of all the cans full of coins.

Weight of 9 cans full of coins = ... g
Write how you would calculate the weight of all the empty cans.
Weightof 9emptycans=______ . .. ... g

Using these two expressions, write how you would calculate the weight
of coins in 9 cans.

WeightofcoinsinQcans=_ ] g
Method 2
Write an expression for the weight of coins in one can.
Weight of coinsinonecan=___ g

Now use your expression above to write an expression for the weight of
coins in 9 cans

Algebraic expressions with the same value are equivalent expressions

Below are two equivalent expressions for the weight of coins in n cans if
one can full of coins weighs f grams and one empty can weighs e grams.

nfne = n(f-e
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The cost of a drink

Oliver receives the same amount of pocket
money each week.

With some of this money he buys a hot drink
from a vending machine on his way to school.
Oliver saves the rest of the money.

Oliver told his friend Kieran that last week he bought 4 hot drinks and
saved $3 of his weekly pocket money. This week, Oliver said he bought
3 hot drinks and saved $6 of his weekly pocket money.

All hot drinks from the vending machine cost the same.

From this information of Oliver’s, Kieran wanted to work out the cost of a
hot drink.

Kieran said: Let the cost of a hot drink be d dollars.

Last week, Oliver's pocket money was: 4d + 3 dollars.
This week, Oliver's pocket money was: dollars.

These two expressions are equal. Why?

i i (Subtract the cost of
Sdl 1 3d 3 drinks from both sides.)

] 31 1 3 (Subtract 3 dollars
from both sides.)

What is the cost of a hot drink (ie. the value of d)? $
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